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I. INTRODUCTION
A SIGNAL constellation is a finite subset of points from a given lattice packing bounded within a shaping region [1] , [2] . The objective in the design of a signal constellation is to minimize the probability of error for given rate, given number of dimensions, and given average energy. This letter discusses the problem of optimizing a lattice-based signal constellation for signaling over a partial response channel.
A channel with a nonflat frequency response (e.g., a partial response channel) results in intersymbol interference (ISI) between successive transmissions. There are two main approaches to handle the problem of ISI, namely: 1) spectral shaping and 2) precoding; channel equalization. This work belongs to the first category.
Coding schemes in which spectral nulls are created in the power spectrum to resemble the channel frequency response are dicussed in [3] and [4] . Run length codes to shape the power spectrum of the transmitted signal are made use of in [5] . The problem of designing codes specifically for the channels with ISI is discussed in [6] and [7] . The problem of designing a constellation for signaling over a set of dimensions with nonequal noise powers is addressed in [8] - [10] .
We discuss two methods to directly minimize the probability of error in a lattice-based signal constellation used over a partial response channel. In the first method the minimum distance-to-noise ratio along all of the subspaces is the same (which is the assumption in the conventional systems). In the second method this restriction is relaxed.
II. STRUCTURE OF THE CODING AND TRANSMISSION SYSTEM
We use the same transmission system as in [11] , where each block is composed of time intervals and channel has a memory of symbols. To delete the ISI between blocks, the last symbols in each block are set to zero. From the rest dimensions, an appropriate subset is used as a basis for the constellation. We consider the channels [12] and Fourier basis. For the Fourier basis, the noise power of the dimensions will be in pair equal (each such pair is called a two-dimensional (2-D) subchannel). The nonempty 2-D subchannels are divided into coding schemes, each of dimension . Each coding subsystem uses an independent trellis-coded modulation (TCM) scheme. The noise power, the minimum square distance, the minimum distance-to-noise ratio, and the average energy of the th subconstellation within the th coding scheme are shown by , , , and , respectively. Using the method of [11] to transmit bits in an -dimensional TCM scheme, a signal constellation with points is needed. To construct the constellation, the 2-D subconstellations are divided into an inner group and an outer group. The number of points in the inner group of the th subconstellation is equal to , where . The number of points in the outer group is of that in the inner group. The -dimensional ( -D) constellation is constructed by concatenating such 2-D subconstellations and excluding the -D points corresponding to more than one 2-D outer point [11] .
For each 2-D subconstellation, the inner group is used times as often as the outer group. This means that the average energy per two dimensions is equal to times the average energy of the inner group plus times the average energy of the outer group. Table I shows the average energy per two dimensions for and for a minimum distance of one as a function of rate.
The resulting -D constellation is partitioned into the cosets of a baseline lattice. We assume that the dominant error event is the one within a coset. This is the case in most of TCM schemes. The numerical examples are based on the lattice .
III. ERROR PROBABILITY AND EFFECTIVE CODING GAIN
For an additive Gaussian noise of power , the probability of error between two points with distance is approximately equal to [14. pp. 84, 250] (1) 0090-6778/98$10.00 © 1998 IEEE Using (1) in conjunction with the union bound, the probability of error within a lattice is computed as (2) where is the weight distribution of [14, p. 102] . Using the trellis diagram of the lattice, it can be shown that the weight distribution of the scaled lattice is equal to (3) where are the Jacobi theta functions (refer to [13] for definition) and denotes the scale factor along the th 2-D subspace. We truncate the weight distribution to the set of the 240 nearest neighbors of the lattice. This results in (4) where . The effective gain of the system is defined as the saving in energy with respect to a reference system with the same rate and probability of error. The reference system has a rate of bits per dimension, where is the total rate in bits per signaling interval. For the reference system, we assume continuous approximation and use (1) for the error probability.
IV. MINIMIZING THE PROBABILITY OF ERROR
Conventionally, the system is designed to have equal protection for all the dimensions, i.e.,
. In this case it is easy to show that (5) where is the overall average energy and is given in Table I . This results in the following optimization problem: Minimize Subject to (6) This is solved by the following algorithm. 1) Set . It remains bits to be distributed. 2) Allocate 1 bit to the 2-D subconstellation which has the smallest value for the quantity . Update the rates. If there are still bits to be distributed go to step 2, otherwise quit. As an alternative to (6), we can directly minimize the error probability, i.e.,
Minimize
Subject to (7) This optimization problem is solved using the following twostep iterative procedure.
A. Finding the Rate Distribution for a Given Energy Distribution

1) Set
. It remains bits to be distributed. 2) Allocate one bit to the subchannel which by receiving it will result in the least increase in the objective function. Update the rates. If there are still bits to be distributed go to step 2, otherwise quit.
B. Finding the Energy Distribution for a Given Rate Distribution
The objective function in (7) is convex . As a result, the optimum point over the convex region determined by the energy constraint is determined by the Lagrange method. This results in (8) This set is solved by an iterative method.
C. Assignment of Subconstellations to Subchannels
1) Arrange the nonempty subchannels according to the value of the noise power and the 2-D subconstellations according to the value of . 2) Assign the members of these two sets with the same order to each other.
V. NUMERICAL RESULTS
We consider a coding scheme with parameters , , (using lattice ), and bits per signaling interval. Over a flat channel, the corresponding TCM scheme results in an asymptotic coding gain of 5.41 dB [11] . Unlike our analysis, this gain is based on the minimum distance and does not include the effect of the error multiplicity. We apply both of our design methods to this problem. The performance is measured in terms of the effective gain for a probability of error in the range of 10 -10 (as a function of the energy per dimension). This is shown in Fig. 1 . The second method outperforms the first one in terms of (or, equivalently, in terms of error performance) without any increases in the complexity.
